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202. 


SUPPLEMENTARY REMARKS ON THE PORISM OF THE IN-AND- 
CIRCUMSCRIBED TRIANGLE. 


[From the Philosophical Magazine, vol. xır. (1857), pp. 19—30.] 


In my former papers (see Phil. Mag. August and November, 1853, [115, 116]) I 
established (as part of a more general one) the following theorem, viz. the condition 
that there may be inscribed in the conic U=0 an infinity of triangles circumscribed 
about the conic V= 0, is, that if we develope in ascending powers of Æ the square root 
of the discriminant of kU+ V, the coefficient of k? in this development must vanish. 


Thus writing 
disct. (kV + U) =(K, 9, ©', K' ýk, 1%, 


the condition in question is found to be 
30? — 4K0’ = 0. 


The following investigations, although relating only to particular cases of the 
theorem, are, I think, not without interest. 


If the equation of the conic containing the angles is 
U = 2ayz + 2bzæ + 2cxy = 0, 
and the equation of the conic touched by the sides is 
V=H+y+2— 2yz —22a— 2æy=0, 
we have | 
disct. (k, k, k, a— k, b—k, c—k&a, y, 2? =(K, ©, 0’, K'ýk, 1, 


that is, 
K =-4, 


© = 4(a+6+0), 
O©'’=—4(a+b+0F, 
Kk’ =" Qabe. 
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and the equation 30?— 4KO’ =0 becomes 
18(a+b+cP—18(a+b+c)?=0, 


which is satisfied identically. This is as it should be; for it is plain that there exists 
a triangle, viz. the triangle (c=0, y=0, z=0), inscribed in the conic U=0, and 
circumscribed about the conic V =0. 


Suppose that the equation of the conic containing the angles is 
y? — 42x =0, 
and the equation of the conic touched by the sides is 
as? + by?+ c2z?=0, 
then the tangential equation of the last-mentioned conic is. 
bc& + can? + abf? =0; 


` and if we take for the angles of the triangle æ : y : z=1: 2X: M, or 1: 2p : p, or 
1: 2v : v?, then the equation of the line joining the angles (w), (v) is 


Quve—(w+v)yt+z=0, 
which will touch the conic aa? + by +c2 =0 if 
bc. 4p? ++ ca(u+vP+ab.4=0; 
and it is required to find under what circumstances the equations 
bc. 4y*v? + ca(ut+v)+ab.4=0, 


be. 4v?2+ca(v +rAP+ab.4=0, 
be. 402u? + ca(rA + wp)? +ab.4=0, 


become equivalent to two equations only. The condition is of course included in the 
general formula; and putting 


disct. (ka, kb+ 1, ke, 0, —2, 0Ya, y, 2) =(K, 9, 0, K’ Uh, 1), 


we must have 
30? — 4K0’ =0. 


The discriminant in question is 


kabe + kac —k. 4b —4=0, 
where K =1, @=4ac, ©’ =— 4b, K’ =— 4; the required condition is therefore ac + 16b? =0, 


or say 


b = — }i Vac. 
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Substituting this value, the equations become 
curv? +7 Vea (u+v)+a=0, 
ovr? +4 Vea O +A} +a=0, 
cn? +iNca (A+ u’ +a=0; 
the first and second of these are 


A+2Hv+Br=0 


A’+2H'v+ By’=0, 
where 


A =(-iva+p?ve)iva, H =ivcap, B=(iVva+ p? Vo) Vo, 
A'=(—iva + No) iVa, H’=ivear, B=(iVva+~ Vo) Ve, 
A B + A’B—2HH’ = 2iNac (a—iVacrp + orp), 
AB -H = ivac(a—ivacu? + cut ), 
A’B’ — H” = ivac(a—ivVacd? + cr‘ ); 
and the result of the elimination therefore is 


(a —iVacr? + cài) (a — i Vacu? + cut) — (a—iVacrp + pY = 0, 
viz. 


Wea (A — p} (~u + ica (à+ p} +a)=0; 
which agrees, as it should do, with the third equation. 
To find the condition that it may be possible in the conic 
?+y+2=0 
to inscribe an infinity of triangles, each of them circumscribed about the conic 
aa? + by? +02 =0: 
let the equations of the sides be 
l Vae+m NVby +n Vez=0, 
V Naz+ m Vby+n’ Voz =0, 
l” Vas + m” Vby +n” Vez =0; 
then the conditions of circumscription are 
P +m +n? =0, 
l +m? +n? =0, 
2 +m’? +n'%=0; 
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and the conditions of inscription are 

be (m n” — mn’? + ca (n'l’— n" VF + ab (V m” — l'w F = 0, 

be (m’n —mn” P+ ca (n’'l— nl" PY + ab (l'm — lm’? =0, 

be(mn' —m'n)?+ca(nl -nl $ +ab(l m -Vm Y=0. 
Now 

(mn’—m'n? = (m+ n?) (m™ +n”) — (mw + nr'P 
LU — (mm! + nn’? 
=— (W + mm + nn’) (— Ul’ + mm’ +n); 

and making the like change in the analogous expressions, and putting for shortness 


— be + ca +ab =a, 
be — ca +ab= £, 
be + ca — ab = y, 
the conditions in question become 
(I w. + m m” + n’ n”) (al E + Bm’ m” + yn’ n”) = 0, 
(UI +m’m +n”’n )(al’l +8Bm’m +yn”n )=0, 
UU+mm +n jal +Bm m' +yn w )=0. 
The proper solution is that given by the system of equations 
P+ m+ e=, 
Pip om? be nh =O, 


WY a aL 
2+ m”? n=), 


al’ U + Bm’ m” +yn n” = 0, 
all +Bm"m +yn’n =0, 
al + Bm m +9n nv = 0; 
and by writing t= J, l= f, r= RE T E E PER 
equations become 
Af? + Bg + Ck =0, 
Af” + Bg? +Ch? =0, 
Af’? + Bo’? + Ch’? =0, 
SS + gg" +h" =0, 
PLAGE AR =O, 
Sf +99 +hk =0. 
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The first of which systems expresses that the points (f, g, h), (F's 9, k) Fo g’, h”) 


are points in the conic 
Ar + By +C2=0; 


and the second condition expresses that each of the points in question is the pole 


with respect to the conic 
e+ yt 2=0 


of the line joining the other two points, ie. that the three points are a system of 
conjugate points with respect to the last-mentioned conic. The problem is thus reduced 
to the following one: 


To find the condition in order that it may be possible in the conic 
Az’+ By? +C2=0 


to inscribe an infinity of triangles such that the angles are a system of conjugate 
points with respect to the conic 
e+ y+ 2=0, 


Before going further it is proper to remark that if, instead of assuming 
all + Bm'm” + yn'n” =0, we had assumed 
VU + m'm” + n'n” =0, 
this, combined with the equations 
l2+m2+n2=0, Vym” +n”, 


, A 


would have given I’ : m : n =U : m” : n”, i.e. two of the angles of the triangle would 
have been coincident: this obviously does not give rise to any proper solution. Returning 
now to the system of equations in f, g, h, &e., since the equations give only the 
ratios f:g:h; f’: 9: hl’; f”: g”: h’, we may if we please assume 

Re “hs g? + he = I, 

f” +9” +h =], 

Y Shep +g” +h!” in jl 
which, combined with the second system of equations, gives 

f4f+fral, 

Por~H? ghe], 

OW +h? +h? =1. 
We have, consequently, 

At B+CH=A(fPtfrt+fry+ BEG +g tg") +O Wt he +h”) 
= (Af? + Bg? + Oh?) + (Af? + Bg? + Ch?) + (Af + Bg” + Ch’), 
Le. 
A+B+C=0, 
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for the condition that it may be possible in the conic 
Az + By? + C2 =0 


to describe an infinity of triangles the angles of which are conjugate points with 
respect to the conic a +4? +2 =0. 


The equation of the conic Aa*+By?+Cz?=0 may be written in the form 
(be — ea? — ab? + 2a*bc) a? + (Ca? — ab — be + 2ab*c) y? + (ab — Bc? — ca? + 2abc*) 2 = 0, 
which gives the values of A, B, C; or again in the form 


2 (be + ca + ab) (bea? + cay? + abz*) 
— (be + ca +ab}( a+ y+ #) 
+ 4abce (a? + by + c2)=0; 


where it should be observed that bcea*+cay?+abz?=0 is the equation of the conic 
which is the polar of ax*+by?+cz*=0 with respect to 2+y+27=0. It is very easy 
-from the last form to deduce the equation of the auxiliary conic, when the conics 
aa? + by?+c2=0, a+y?+2°=0 are replaced by conics represented by perfectly general 
equations. 


The condition A+B+C=0 gives, substituting the values of A, B, ©, 
bc? + ca? + ab? — 2abe (a +b +0) =0; 
or in a more convenient form, 
(be + ca + ab) — 4abe(a+b+c)=0, 


as the condition in order that it may be possible to inscribe in the conic æ? +y? + 2 =0 
an infinity of triangles, the sides of which touch the conic aa*+by?+cz*=0: this agrees 
perfectly with the general theorem. 


It is convenient to add (as a somewhat more general form of the equation 
A+B+C=0), that the condition in order that it may be possible in the conic 
Ax? + By? + Cz?=0 to inscribe an infinity of triangles the angles of which are conjugate 
points with respect to the conic A2? + By + 012 =0, is 


But the problem to find the condition in order that it may be possible in the 
conic a°+¥°?+2*=0 to inscribe an infinity of triangles the sides of which touch the 
conic aa?+by?+cz2=0, may, by the assistance of the geometrical theorem to be 
presently mentioned, be at once reduced to the problem: 


To find the condition in order that it may be possible in the conic æ +4% +2=0 
to inscribe an infinity of triangles the sides of which are conjugate points with respect 
to a conic 


Aye + By? + C2 =0. 
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The theorem referred to is as follows: 


THEOREM. If the chord PP’ of a conic S envelope a conic oc, the points P, P’ 
are harmonics with respect to a conic T which has with S, c, a system of common 
conjugate points. 


Take for the equation of S, 


e+ y+ =O, 
and for the equation of ç, 
asx? + by? + cz? =0; 
then if (%, Yı, 2), (£z, Y2, Z2) are the coordinates of the points P, P’ respectively, we 
have 
w+ y+ 2°=0, 
Lo + YP + 2°=0, 
and the condition in order that the chord may touch the conic o is 
be (Y22 — Yo%) + 06 (218 — 22%} + ab (LY — L ¥ = 0. 
But we have 
(Yr22 — Y) = (YÈ + 2°) (Y? + 227) — (VY + 2122)” 
= 2X7 — (YY SE 22) 
= CAA + YiYot+ 2,22) CAN yy = 2,2;), 


and making the like change in the analogous quantities, and putting for shortness 


a =— be + ca + ab, 
B= be—ca+ab, 
y= be+ca—ab, 


the condition in question becomes 
(2 + YY + £,2s) (42,7 + BYW T 2122) = 0. 


But the equation 2,+ YY: +2ı22=0 must be rejected, as giving with the equations 
ety? + 22=0, 22+ y2+22=0 the relation a : Yı : 2=% : Yz : 23 we have therefore 


ALT + Baye + Y212.= 0, 


which implies that the points (#, yı, %) and (£2, Yz, 22) are harmonics with respect to 
the conic 


a+ By? +y =0, 
which is a conic having with S, o, a system of common conjugate points. The 
equation may also be written 
(— be + ca + ab) a? + (be — ca + ab) y? + (be + ca — ab) 2 =0; 


30—2 
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or, as it may also be written, 
(bc + ca + ab) (a? + Y + 2) — 2 (bea? + caz? + aba?) ; 


and, as before remarked, bca? + cay? +abz?=0 is the equation of the conic which is 
the polar of aa + by? +cz*=0 with respect to æ? +4? + 2 =0. 


The condition in order that there may be inscribed in the conic 2+7?+27=0 
an infinity of triangles the angles of which are conjugate points with respect to the 
conic aa? + By?+y2?=0, is 


or writing this equation under the form By+ya+a8=0, and substituting for a, B, y 
their values, we have the equation already found, as the condition in order that it 
may be possible in the conic 2’+y?+z*=0 to inscribe an infinity of triangles the 
sides of which touch the conic aa + by? + c2 =Q. 


THEOREM. Let 
ax? + by? + cz? =0 


be the equation of a spherical conic, and let (& : 7 : &), a point on the conic, be the 
pole of a great circle cutting the conic in two points; the conic intersects upon the 
great circle an arc given by the equation 


os = (atbto)VE+r+l 
a + b+ 6) (E+ 72+ &) — 4 (bck + can? + abet)’ 

hence if a+6+c=0, 8=90°; or there may be inscribed in the conic an infinity of 
triangles having each of their sides equal to 90°. 


It is worth while, in connexion with the subject, and for the sake of a remark 
to which they give rise, to reproduce in a short compass some results long ago 
obtained by Jacobi and Richelot. The following are Jacobi’s formule for the chords 
of a circle subjected to the condition of touching another circle; viz. if in the figure 
we put 
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CP = R, 
cp=r, 
Cea; 
2 AOP = 24, 
2 A’CP = 2¢’; 
then it is clear from geometrical considerations that 
dp _ ag 
MA MA’ 
We have eo fen ae 
MA?=cA?—cM?= a+ F+ 2aR cos 2 — gr 
= (a+ RP -r — 4aRsin? p 
= {(a+ RF — 1°} (1 — # sin 2¢), 
or 
ER a oe E EE E 
v1 -ksing V1 — Ke sin? 6”’ 
where 
pad abies 
(a+ Rpr’ 
and therefore also 
pio? 
(R+af-r' 


It will be convenient for comparison with the formulæ of Richelot to write 
Z ACQ = 2r; this gives 


2p =r — 2d, 
and the differential equation thus becomes 
doy js dy = 
Væ + R? — r° —2aRcos2y Va? + R?— r — 2aR cos Wr’ 
Le. 
oe lM e iaa an: ia 
Vm—neos2y Nm — n cos 2yr’ 
or if 
tan ọ = g tan 6, 
and therefore 
1 — g tan? 0 
cos 24 = TF gtan® 0” 
; _(m-—n)co? 6+ (m+n) g sin? 0. 
eao ti cos? 0 + g? sin? 0 
, m—n ee 
or if g = are? then this is 
i mmn 
cos? 0+ —" sin? 0 
m+n 
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4 m—n 
1— 2n sin? @ 
and we have also 
m—n 
dé 
m+n 
dyp = mhi 
l- sin? 0 
and thence, 
Rae uae wy,” dé 
Vm — n cos 2 Vinny) 1 2n sin? 0 
m+n 
that is, 


ie aate Ge Se ee e 
Vm—neos2y Vm+nV1—k sin? 0’ 


where ?= a has the same value as before. Hence the relation between 0, @’ is 


dé Es dy’ 
V1—Ksin?@ Nvl- ksin’ 
which is identical with that between ¢ and ¢’; and in fact the equation between 
8, $ is 


tan 0 tan ġ = 5 3 
which, if ọ =am u, gives 0=am (K — u). 


The differential equation contains only a single arbitrary parameter; hence the 
same differential equation might have been obtained from different values of a, R, 
the parameters which determine the circle enveloped by the moveable chord. The 


4 
condition for this of course is P, that is 


a+ R-r_ a +tR-r” 
| es : ae 


or as the equation may be written 
(aa’ — R’) (a-—a@) — R(a’'r* — ar?) =0; 


this implies that the enveloped circles intersect the other circle in the same two 
points, or that all the circles have a common chord. 
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Suppose for y =0, we have ẹ = £, then it is easy to see geometrically that 


tinga Saam, 


, 


let the corresponding value of @ be @=a, i.e. suppose that for @=0, we have 
& =a, then 
(hat gtr "(R—a) -r 


tana = 


(R-a}- r` 7 á 
i.e. 
2 a me 
tan? a = ee : 
or, what is the same thing, 
sec a= R + = ; 
r r 


and a having this value, we have for the finite relation between 0, @, 


FO = F0 + Fa. 


Richelot has shown, by precisely similar reasoning, that for circles of the sphere 
we have 


which is of the form 


hin -@ RY oie R, s, 
V1—(A+pmcos2yy? V1—(X+m cos Ip’)? 
where 
gel: cos R cos a 
cos r 
_sin Rsina 
ae BORN. +? 


It is very important to remark, that this equation contains the two parameters 
à, m, so that the same equation cannot be obtained with any new values of the 
parameters a, 7; or the formule in plano for three or more circles do not apply to 
circles of the sphere: the geometrical reason for this is as follows, viz. in the plane 
a circle is a conic passing through two fixed points (the circular points at æ), and 
consequently any number of circles having a common chord are in fact to be con- 
sidered as conics each of which passes through the same four points. But circles of 
the sphere are not spherical conics passing through two fixed points, but are merely 
spherical conics having a double contact with an imaginary spherical conic (viz. the 
curve of intersection of the sphere with a sphere radius zero); hence circles of the 
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sphere having a common spherical chord are not spherical conics passing through the 
same four points. I am not sure whether this remark as to the ground of the dis- 
tinction between the theory, of circles in plano and that of circles on the sphere has 
been explicitly made in any of the treatises on spherical geometry. 


To reduce the equation, write 


1—(A+ pz) 
ta ten tan 6; 
n PEN I-O) 
then, after a simple reduction, 


-Ea page| dé 
a Srey" ae, Seen ee ae a 
VI- (x+ p cos 24) V(I Fay- fi oe t —, sin? 6; 
or the relation between the two values of @ is 


Ue. ae tee. ATS 
Vi—ksin?@ V1—ksin?6’’ 


. where 
a Oe 
ad Action = t 
that is 
tan R sin q 
can tanr ` cos Rsinr 
~ /tan R sina \2 í 
= r cos sin z) $ 


4 


Suppose that for y=0, we have y= 8, it is easy to see that 


sin? (R —a)—sin?r | 


tan? 8 = : 
cos? R sin? r z 


let the corresponding value of & be @&=a, i.e. suppose that for 0=0, we have 
& =a, then 


= cos (Rf + a) 
iaiu cos r sin? (R — a) — sin? r 
q 28 cos(R-a) ` cos? Rsin? r 
cos r 


_cosr—cos(R+a) co?r-— cos} (R-—a) 
~ cos r—cos(R—a) ` cos? R sin? r 


_ (cos r — cos (R + a)) (cos r + cos (R — a)) 
cos? # sin? r 


_ (cos r + sin R sin a) — cos? R cos? a 
cos? R sin? r 


_ (cosr sin R +sin a) — cos? R sin? r 
cos? R sin? r 
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1e. 
$ tan R sin @ 2 
tan? a = —s ~ ] --l, 
tanr cos Rsinr 
whence 
8 ate (=4 sin @ ) ‘ 
tanar cos Rsinr/’ 


and a having this value, the finite relation between 6, O is 
FO = F0 + Fa. 


By comparing with the corresponding formula in plano, we arrive at Richelot’s 
conclusion, that the formule for the sphere may be deduced from those în plano by 
tan R sin a 
tanr ’ cosRsinr 


writing in the place of - =. the functions , respectively. 


2, Stone Buildings, October 1, 1856. 
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